In this paper, we propose the n-dimensional action in which gravity is coupled to exponential nonlinear electrodynamics and scalar dilaton field with Liouville-type potential. By varying the action, we obtain the field equations. Then, we construct a new class of charged, rotating black brane solutions, with k = [(n − 1)/2] rotation parameters, of this theory. Due to the presence of the Liouville-type dilaton potential, the asymptotic behavior of the obtained solutions is neither flat nor (anti)-de Sitter [(A)dS]. We investigate the causal structure of the spacetime in ample details. We find the suitable counterterm which removes the divergences of the action in the presence of the dilaton field, and calculate the conserved and thermodynamic quantities of the spacetime. Interestingly enough, we find that the conserved quantities crucially depend on the dilaton coupling constant, α, while they are independent of the nonlinear parameter, β. We also check the validity of the first law of thermodynamics on the black brane horizon. Finally, we study thermal stability of the solutions by computing the heat capacity in the canonical ensemble. We disclose the effects of rotation parameter, nonlinearity of electrodynamics and dilaton field on the thermal stability conditions. PACS numbers:04. 20.Jb, 04.40.Nr, 04.70.Bw, 04.70 .Dy
I. INTRODUCTION
The extension of the linear Maxwell electrodynamics to nonlinear electrodynamics has arisen a lot of attentions these days. There are several version of nonlinear electrodynamics. The pioneering theory of the nonlinear electromagnetic fields was proposed by Born and Infeld (BI) in 1934 for the purpose of solving various problems of divergence appearing in the Maxwell theory [1] . In recent years, the BI-like Lagrangians have been proposed with various motivations [2, 3] . First, nonlinear field theories are of interest to different branches of mathematical physics because most physical systems are inherently nonlinear in nature. Nonlinear action of abelian gauge theories have been considered in the context of superstring theory [4, 5] . Second, it is also remarkable that, BI-type theories are singled out among the classes of nonlinear theories by their special properties such as the absence of shock waves, birefringence phenomena [6] and enjoying an electric-magnetic duality [7] . From the thermodynamics point of view, nonlinear electrodynamics also leads to some interesting properties for the black hole systems and have been widely studied in the literatures. In addition, from the point of view of AdS/CFT correspondence in hydrodynamic models, it has been shown that, unlike gravitational correction, higher-derivative terms for abelian fields in the form of nonlinear electrodynamics do not affect the ratio of shear viscosity over entropy density [8] .
In the present work, we are going to study the black brane solutions of Einstein-dilaton gravity coupled to the exponential nonlinear (EN) electromagnetic field. In the absence of dilaton field, black hole/brane solutions in the presence of EN electrodynamics have been discovered [9] . In addition, Myers-Perry and slowly rotating black hole solutions of this theory have been investigated before [10] . In the presence of the scalar dilaton field, a class of static and spherically symmetric black hole solutions of Einstein-dilaton gravity coupled to the EN electrodynamics in four [11] and higher dimensional spacetime [12] have been constructed. Till now, exact rotating solution of EN electromagnetic coupled to the dilaton field have not been constructed. In this paper, we first introduce the action of EN electromagnetic coupled to the dilaton in the presence of a potential and by varying the action, we find the corresponding field equations. Then, we construct the higher dimensional rotating black brane solution of this theory with cylindrical or toroidal horizons in the presence of Liouville-type potential and investigate the effects of dilaton and EN electrodynamic fields on the stability of the solutions.
The structure of our paper is as follows. In Sec. II we introduce the action of the Einstein-dilaton gravity with EN electrodynamics as the matter source and obtain the field equations. We also give a brief review of the counterterm method in order to calculate the conserved quantities. In Sec. III, we construct the rotating dilaton black branes with a complete set of rotation parameters in arbitrary dimensions and investigate their properties. In Sec. IV, we obtain the conserved and thermodynamical quantities of the n-dimensional black brane solutions and show that these F o r R e v i e w O n l y 2 quantities satisfy the first law of thermodynamics. In Sec. V, we perform a stability analysis and show that the dilaton creates an unstable phase for the solutions. We finish our paper with some closing remarks.
II. BASIC EQUATIONS
Our starting point is the following n-dimensional action
where R is the Ricci scalar curvature, Φ is the dilaton field, and V (Φ) is a potential for Φ. We choose the Lagrangian of the EN electrodynamics coupled to the dilaton field (ENd), L(F, Φ), as
[ exp
where α is a constant determining the strength of coupling of the scalar and BI fields,
is the electromagnetic tensor field, A µ is the vector potential, and β is the nonlinear parameter with dimension of mass. The last term in Eq. (1) is the Gibbons-Hawking boundary term which is chosen such that the variational principle is well-defined. The manifold M has metric g µν and covariant derivative ∇ µ . Θ is the trace of the extrinsic curvature Θ ab of any boundary(ies) ∂M of the manifold M, with induced metric(s) h ab . In this paper, we consider the action (1) with a Liouville type potential,
where Λ is a constant which may be referred to as the cosmological constant, since in the absence of the dilaton field (Φ = 0) the action (1) reduces to the action of Einstein gravity in the presence of nonlinear electrodynamics with cosmological constant. For later convenience, we redefine it as Λ = −(n − 1)(n − 2)/2l 2 , where l is a constant with dimension of length.
In order to justify the choice (2) for the Lagrangian of ENd field, let us invoke the BId Lagrangian in n-dimensions which is written as [13, 14] 
It is easy to check that the series expansion of both BId Lagrangian (4) and ENd Lagrangian (2) , for large β, have the same behavior
This similarity implies that one can either consider (2) or (4) as the nonlinear electrodynamic Lagrangian coupled to the dilaton field. Here we would like to study the new ENd Lagrangian (2), and investigate the effects of this kind of nonlinear electrodynamics coupled to the dilaton field on the behavior of the solutions. In the absence of the dilaton field (α = 0), L(F, Φ) reduces to EN electrodynamic Lagrangian presented in [9] . On the other hand, in the limiting case where β → ∞, both L(F, Φ) and L BId (F, Φ) recovers the standard linear Maxwell lagrangian coupled to the dilaton field in n-dimensions [15, 16] 
This is an expected result, since in this case the nonlinear electrodynamics reduces to the linear Maxwell electrodynamics. For latter convenience we rewrite 
In order to obtain the field equations, we vary action (1) with respect to the gravitational field g µν , the dilaton field Φ and the gauge field A µ . We find
In the limiting case where
In this case the system of field equations (11)- (13) restore the well-known equations of EMd gravity [15] [16] [17] [18] [19] , as expected.
A. FINITE ACTION IN CANONICAL AND GRAND-CANONICAL ENSEMBLES
In general, the total action I given in Eq. (1) is divergent when evaluated on a solution. One way of dealing with the divergences of the action is adding some counterterms to the action (1). The counterterms should contain a part which removes the divergence of the gravity part of the action and a part for dealing with the divergence of the matter action. Since the horizon of our solution is flat, the counterterm which removes the divergence of the gravity part should be proportional to √ −h. The counterterm for the matter part of the action in the presence of the dilaton is given by
where l eff is given by (20) and I deriv is a collection of terms involving derivatives of the boundary fields that could involve the curvature tensor constructed from the boundary metric. Since in our case the boundary is flat so I deriv is zero on the boundary. The variation of the total action (I tot = I + I ct ) about the solutions of the equations of motion is
where
Equation (15) shows that the variation of the total action with respect to A a will only give the equation of motion of the nonlinear massless field A a provided the variation is at fixed nonlinear massless gauge potential on the boundary. Thus, the total action, I tot = I + I ct , given in Eq. (15) is appropriate for the grand-canonical ensemble, where δA a = 0 on the boundary. But in the canonical ensemble, where the electric charge
is fixed on the boundary, the appropriate action is
The last term in Eq. (17) is the generalization of the boundary term introduced by Hawking for linear electromagnetic field [20] and the results of [21, 22] for the nonlinear lifshitz black holes to the exponential nonlinear gauge field coupled to the dilaton field. Thus, both in canonical and grand-canonical ensemble, the variation of total action about the solutions of the field equations is
That is, the nonlinear gauge field is absent in the variation of the total action both in canonical and grand-canonical ensembles.
In order to obtain the conserved charges of the spacetime we use the counterterm method [23, 24] inspired by (A)dS/CFT correspondence. For asymptotically AdS solutions, this method works very well [24] . However, in our paper we have the scalar dilaton field with a Liouville potential. It was argued that the presence of Liouvilletype dilaton potential, which is regarded as the generalization of the cosmological constant, changes the asymptotic behavior of the solutions to be neither asymptotically flat nor (A)dS. It has been shown that no dilaton dS or AdS black hole solution exists with the presence of only one Liouville-type dilaton potential [25] . But, as in the case of asymptotically AdS spacetimes, according to the domain-wall/QFT (quantum field theory) correspondence [26] , there may be a suitable counterterm for the stress-energy tensor which removes the divergences. In this paper, we deal with the spacetimes with zero curvature boundary [R abcd (h) = 0], and therefore the counterterm for the stress-energy tensor should be proportional to h ab . We find the finite stress-energy tensor in n-dimensional Einstein-dilaton gravity with Liouville-type in the form [14] T ab = 1 8π
where l eff is given by
In the particular case α = 0, the effective l 2 eff of Eq. (20) reduces to l 2 = −(n − 1)(n − 2)/2Λ of the AdS spacetimes. The first two terms in Eq. (19) is the variation of the action (1) with respect to h ab , and the last term is the counterterm which removes the divergences. One may note that the counterterm has the same form as in the case of asymptotically AdS solutions with zero curvature boundary, where l is replaced by l eff . If we choose the Killing vector field ξ on spacelike surface B in ∂M with metric σ ij . Then, the quasilocal conserved quantities may be obtained from the following relation [14] 
where σ is the determinant of the boundary metric σ ij and n a is the unit normal vector on the boundary B. In our case, the boundary B has two Killing vector fields timelike (∂/∂t) and rotational (∂/∂φ). The corresponding conserved charges are the quasilocal mass and angular momentum may be obtained as
III. ROTATING DILATON BLACK BRANES IN HIGHER DIMENSIONS
In this section, we would like to construct the rotating black brane solutions of the field equations (11)- (13) with k rotation parameters. The number of independent rotation parameters for an n-dimensional localized object is equal to the number of Casimir operators, which is [(n − 1)/2] ≡ k, where [x] is the integer part of x [27] . The metric of n-dimensional rotating solution with cylindrical or toroidal horizons and k rotation parameters can be written as [28, 29] 
where a i 's are k rotation parameters. There are two unknown functions f (r) and R(r) in the above metric which should be determined by solving the field equations. The range of the angular coordinates are 0 ≤ ϕ i ≤ 2π and dX 2 is the Euclidean metric on the (n − k − 2)-dimensional submanifold with volume Σ n−k−2 .
First of all, we integrate the modified Maxwell equation (13) which gives
where q, is an integration constant related to the electric charge of the brane. Note that in (25) , L W (x) = LambertW (x) is the Lambert function which satisfies the identity [30] 
and has the following series expansion
Clearly, series expansion of Eq. (28) converges for |x| < 1. In the absence of the nonlinear dilaton field (α = 0) we have R(r) = 1, and Eq. (25) reduces to
while in the limiting case where β → ∞, it reduces to the electric field of n-dimensional black brane of EinsteinMaxwell-dilaton gravity [27] 
In order to solve the system of equations (11) and (12) for three unknown functions f (r), R(r) and Φ(r), we make the ansatz
Substituting (31), the electromagnetic fields (25)- (26) and the metric (24) into the field equations (11) and (12), one can obtain the following solutions
where b is an arbitrary constant, γ = 2α 2 /(1 + α 2 ), and In the above expression, m appears as an integration constant and is related to the mass of the black hole. The integration of Eq. (32) can be performed using the Mathematica software. The resulting solution can be written
where Γ(a, z) and Γ(a) are Gamma functions and they are related to each other via
where (a, b, z) is hypergeometric function [30] . Using (36), solution (35) can also be reexpressed in terms of hypergeometric function,
Using the fact that (a, b, z) has a convergent series expansion for |z| < 1 as given in (28), we can expand (37) for large β. The result is
It is worthy to note that as β −→ ∞ the above solution reduces to the n-dimensional charged rotating dilaton black brane solutions given in Ref. [27] . The last term in the right hand side of the above expression is the leading nonlinear correction to the AdS black brane with dilaton field. In the absence of a nontrivial dilaton (α = γ = 0), the above solutions reduce to the asymptotically AdS charged rotating black brane solutions of Einstein gravity in the presence of EN electrodynamics [9] . Finally, in the limit β 2 → ∞ and α = 0 = γ, solution (38) has the form of the asymptotically AdS black brane [28, 31] ,
A. Physical properties of the solutions
Next, we study the geometry of this spacetime. For this purpose, we first seek for the curvature singularities in the presence of dilaton and nonlinear electrodynamic fields. It is a matter of calculation to show that the Ricci scalar and the Kretschmann invariant behave as
which indicate that there is an essential singularity at r = 0. In order to study the asymptotic behavior of the solutions, we expand the metric function f (r) for r → ∞ limit. We find Let us note that in the absence of the dilaton field (α = 0 = γ), the metric function becomes
which describes an asymptotically AdS (Λ < 0) or dS (Λ > 0) spacetimes. However, as one can see from Eq. (41), in the presence of the dilaton field the asymptotic behavior is neither flat nor (A)dS. For example, taking α = √ 2, n = 6 and b = 1, we have
Clearly, the metric function (43) is neither flat nor (A)dS. This is consistent with the argument given in [25] , which states that no dilaton dS or AdS black hole solution exists with the presence of only one or two Liouville-type dilaton potential. It is important to note that this asymptotic behavior is not due to the nonlinear nature of the electrodynamic field, since as r → ∞ the effects of the nonlinearity disappear. This is due to the fact that, r → ∞ limit corresponds to β 2 → ∞, and in this case the metric functions f (r) restore the result of EMd black brane with unusual asymptotic [27] .
Furthermore, from the dilaton field (33) we see that as r → ∞, the dilaton field does not vanishes, while in case of asymptotic flat or (a)dS we expect to have lim r−→∞ Φ(r) = 0. Indeed, by solving the field equation (12) we find Φ(r) = (n − 2)α 2(α 2 + 1) ln
however, the system of equation (11)- (13) will be fully satisfied provided we choose c = 0. From the above arguments we conclude that the asymptotic behavior of the obtained solutions is neither flat nor (A)dS. From (32) we see that the solutions are ill-defined for α = √ n − 1. In order to obtain the location of the horizons of spacetime, we have to find the roots of f (r + ) = 0. However, due to the complexity of f (r) given in (35), it is not possible to find the roots of f (r + ) = 0, analytically. Nevertheless, we can plot the function f (r) versus r for different model parameters as in figures 1 -5. These figures show that one may choose an appropriate parameters (m, α, β, n and q) to obtain naked singularity, black brane with an extreme horizon or black brane with an inner and an outer horizons.
IV. THERMODYNAMICS OF BLACK BRANES
As in the case of rotating black hole solutions of the Einstein gravity, the above metric given by (24) and (35) has both Killing and event horizons. The Killing horizon is a null surface whose null generators are tangent to a Killing 
field. It is easy to see that the Killing vector
is the null generator of the event horizon, where Ω i is the ith component of angular velocity of the outer horizon which may be obtained by analytic continuation of the metric.
One can obtain the temperature and angular momentum of the event horizon by analytic continuation of the metric. Setting t → iτ and a i → ia i yields the Euclidean section of (24) , whose regularity at r = r + requires that we should identify τ ∼ τ + β + and ϕ i ∼ ϕ i + β + Ω i , where β + and Ω i 's are the inverse Hawking temperature and the angular 
where η + = η(r = r + ) and we have used f (r + ) = 0 for deleting m. The behavior of T + versus r + is shown in figures 6 -10. From these figures we find out that, for large value of r + , the temperature tends to a constant independent of the model parameters, while for small values of r + , the temperature may be negative (T < 0). In this case we encounter a naked singularity. Fig. 6 indicates that there is an α min , in which temperature is positive definite for α > α min . Besides, Fig. 7 shows that there exist a maximum nonlinearity parameter, β max , in which T + is a positive definite function for β < β max . The charge parameter, q, has the same effects as that of the nonlinearity parameter (see Fig. 9 ). Figs. 8 and 10 show that both the dimensionality and rotation parameter may affect the temperature. These figures confirm that although dimensionality may change the radius of the zero temperature black branes (root of T + ), rotation parameter does not. It is known that for an extremal black hole the temperature is zero and the horizon is degenerate. In this case r ext is the positive root of the following equation:
From figures 9 and 10, we see that r ext decreases as α increases, while r ext increases with increasing q. Indeed, the metric of Eqs. (24) and (35) can describe a nonlinear dilaton black hole with inner and outer event horizons located at r − and r + , provided r > r ext , an extreme ENd black hole in the case of r = r ext , and a naked singularity if r < r ext . Next, we calculate the mass and angular momentum of the black branes. If we denote the volume of the hypersurface boundary at constant t and r by V n−2 = (2π) k Σ n−k−2 , the mass and angular momentum per unit volume V n−2 of the black branes (α < √ n − 1) can be calculated through the use of Eqs. (22) and (23) . We find
When a i = 0 (Ξ = 1), the angular momentum per unit volume vanishes, and therefore a i 's are the rotational parameters of the black branes. Black hole entropy typically satisfies the so called area law of the entropy [32] . This near universal law applies to almost all kinds of black holes and black branes in Einstein gravity [33] . It is easy to show that the entropy per unit volume V n−2 of the black brane can be written as
The electric charge per unit volume V n−1 can be found by calculating the flux of the electric field at infinity, yielding
where the volume is replaced by an arbitrary spacelike hypersurface Σ (partial Cauchy surface) with boundary ∂Σ. In addition, the volume element on Σ is a non-spacelike co-vector (1-form) dS ν and 
The electric potential U , measured at infinity with respect to the horizon, is defined by
where χ is the null generator of the horizon given by Eq. (45). One can easily show that the vector potential A µ corresponding to the electromagnetic tensor (25) and (26) can be written as
Therefore, the electric potential may be obtained as
Expanding for large value of r or β, we get
. which indicates that for β 2 → ∞, our expression reduces to the electric potential of black branes in EMd gravity [27] . In addition, one can find that the electrical potential goes to zero at spatial infinity (r −→ ∞). Now, we are in a position to verify the first law of thermodynamics. In order to do this, we obtain the mass M as a function of extensive quantities S, J and Q. Using the expression for the mass, the angular momenta, the entropy, and the charge given in Eqs. (50), (51), (52), (53) and the fact that f (r + ) = 0, one can obtain a Smarr-type formula as
where J = √ ∑ k i J i 2 , and Z = Ξ 2 is the positive real root of the following equation We can regard the parameters S, J, and Q as a complete set of extensive parameters for the mass M (S, J, Q) and define the intensive parameters conjugate to S, J and Q. This parameters are, respectively, the temperature, the angular velocities, and the electric potential, which are defined as
Numerical calculations show that the intensive quantities calculated by Eq. (59) coincide with Eqs. (46), (47) and (56). Thus, these thermodynamics quantities satisfy the first law of thermodynamics
V. THERMAL STABILITY OF THE BLACK BRANES
In order to have a physical black branes, it is necessary check the stability condition under external perturbation. There are two types of stability: dynamical stability and thermodynamical stability. In this paper, we investigate the thermodynamical stability of dilaton black brane solutions with EN electrodynamics.
In order to investigate the thermal stability of the black branes, one can use the canonical ensemble. In the canonical ensemble, the electric charge and angular momentum are fixed parameters and therefore, the positivity of the heat capacity is the requirements usually referred to stability criterion in canonical ensemble
Analytical calculation of the heat capacity is too long and hence we leave out the analytical results for reasons of economy. We use the numerical analysis and plot various figures to investigate the stability. Before analyzing the stability, one should restrict the solutions to physical black branes (positive temperature). Therefore, instead of investigation of the Heat capacity, we study the behavior of both (
and T in Figs. [11] [12] [13] [14] [15] [16] show that there is a α c in which black branes are stable for α < α c . These figures indicate that α c is an increasing (a decreasing) function of electric charge (dimensions). From Figs. 13 and 14 we find that (
is an increasing function of the nonlinearity parameter and for large values of β they leads to a fixed value (Maxwell case). (
. From Figs. 15 and 16, one can find the effects of rotation on the stability conditions. Fig. 15 shows that for small values of the electric charge, (
is an increasing function of for slowly rotating black branes and it will be a decreasing function for rapid rotation. For large values of the electric charge, (
is a decreasing function of Ξ. These behaviors are vice versa for dimensions. In other words, (
is a decreasing function of Ξ for low dimensions, and in higher dimensions, (
is an increasing (a decreasing) function of Ξ for small (large) values of rotation parameter. (
(left) and T (right) versus β for l = 1, b = 1, Ξ = 1.1, q = 1, α = 1.1 and n = 4 (solid line), n = 5 (bold line) and n = 6 (dashed line).
FIG. 15:
(
(left) and T (right) versus Ξ for l = 1, b = 1, β = 1.1, n = 4, α = 1.1 and q = 0.5 (solid line), q = 1 (bold line) and q = 1.5 (dashed line).
VI. CONCLUSIONS AND DISCUSSIONS
In this paper, we investigated the n-dimensional Einstein-dilaton gravity coupled to the EN electrodynamic field. Then, by varying the action we obtained the equation of motions. In the limiting case of the linear Maxwell electrodynamics with dilaton field we have L(F, Φ) = −e −4αΦ/(n−2) F 2 , and the system of equations reduce to the well-known equations of EMd gravity [15] . Then, we constructed a new class of charged, rotating black brane solutions, with k = [(n − 1)/2] rotation parameters, of this theory. Due to the presence of the Liouville-type dilaton potential, the asymptotic behavior of the obtained solutions is neither flat nor (A)dS. We investigated the causal structure of the spacetime in ample details. We found the suitable counterterm which remove the divergences of the action in the presence of the dilaton field and calculated the conserved and thermodynamic quantities of the spacetime. Interestingly enough, we found out that the conserved quantities crucially depend on the dilaton coupling constant, α, while they are independent of the nonlinear parameter β. In the absence of a non-trivial dilaton (α = γ = 0), these solutions reduce to the asymptotically AdS charged rotating black brane solutions of Einstein theory in the presence of EN electrodynamics [9] . When β −→ ∞, these solutions reduce to the charged rotating dilaton black brane solutions given in Ref. [27] . We computed thermodynamic quantities of the higher dimensional rotating charged black brane such as the temperature, mass, angular momentum, entropy, charge and electric potential, and examined the validity of the first law of thermodynamics on the black brane horizon.
Considering the plotted figures with numerical calculations, we investigated the effects of rotation, nonlinearity of electrodynamics and dilaton field with various electric charge and dimensions on the stability conditions. Numerical calculations showed that although nonlinearity and dilaton parameters (β and α) change the stability interval significantly, rotation parameter does not. In other words, one can change β and/or α to affect the stability condition, while changing the rotation parameter does not have significant effect on the roots of (
and T , and therefore the stability interval. Generally, we found that decreasing the dilaton field and the nonlinearity power (increasing β) lead to obtain stable black brane solutions.
It is worth mentioning that the charged rotating dilaton black branes coupled to EN electrodynamics constructed in this paper have flat horizon. Thus, it would be interesting to derive higher dimensional rotating black holes of these field equations with curved horizon. Besides, the solutions obtained here in the presence of the dilaton field with a Liouville type potential (3) is neither flat nor AdS, thus it would be nice if one could construct asymptotically AdS charged rotating dilaton black branes/holes of this theory by taking appropriate expression for the dilaton potential [34] . The study can also be applied for other type of nonlinear electrodynamics such as logarithmic nonlinear electrodynamics with suitable Lagrangian in the presence of dilaton field. It is also intersecting to investigate magnetic dilaton string solutions supported by EN electrodynamics. These issues are now under investigations and the results will be appeared elsewhere. 
